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Abstract
Interactions between pedestrians give rise to various dynamical structures such as stop-and-go waves in one-dimensional ﬂows, lane
formation in bidirectional ﬂows in corridors, and diagonal patterns at crossings of perpendicular ﬂows. How does the macroscopic
behavior emerge from the microscopic interactions? Here we explain the diagonal pattern emerging at the crossing of perpendicular
ﬂows in terms of an eﬀective interaction between pedestrians, and show that the pattern actually has the form of chevrons rather
than diagonals. Secondly, we outline the derivation from a microscopic vision-based model of a two-dimensional macroscopic
model, which can handle pedestrians having diﬀerent targets.
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1. Introduction
The behavior of crowds, though it results from individual behaviors, may lead to pattern formation at a much larger
scale. These patterns have a strong inﬂuence on the eﬃciency of the ﬂow. It is thus interesting to understand how
they emerge spontaneously in a crowd. More generally, even in a more homogeneous ﬂow, it is of interest to be able
to predict the global behavior of the crowd from the local interactions of individuals.
In a ﬁrst part (section 2) we shall review several types of patterns that are formed in diﬀerent geometrical conﬁgu-
rations of the pedestrian ﬂows. Then, in section 3, we shall focus on one of these patterns, namely the diagonals that
form at the crossing of two perpendicular ﬂows, and explain the pattern formation in terms of an eﬀective interaction
between pedestrians. Eventually, in section 4, starting from one particular agent based model, we shall illustrate the
main steps to derive from it a macroscopic model for crowds.
2. Pattern formation in pedestrian ﬂows
Though pedestrians react only to the local conﬁguration around them, they may spontaneously form structures at
larger scales. The most well-known example is the spontaneous lane formation in bidirectional ﬂows inside corridors
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Fig. 1. Snapshot of an experimental realization of an intersection of two perpendicular pedestrian ﬂows (d’Alessandro et al., 2010). Some red
(yellow) dots have been added on eastward (northward) pedestrians (modiﬁed by J. Cividini).
or in crowded streets (Zhang and Seyfried, 2014; Kretz et al., 2006). This phenomenon has been widely observed
in real pedestrian ﬂows, and it is a criterion for the validity of models to be able to reproduce this spontaneous
lane formation (Schadschneider et al., 2009). The number of lanes may range from two (one in each direction) to a
larger number of lanes, depending in particular on the width of the corridor. It can also depend on the destination of
pedestrians once they exit the corridor (Zhang et al., 2012). The number of lanes is not necessarily stable in time.
Some controlled experiments obtained in the framework of the Project PEDIGREE (2009-2011) in a ring corridor
have shown transitions occurring between 2-lane, 3-lane, or even 4-lane states (Moussaı¨d et al., 2012).
Another collective eﬀect observed in pedestrian ﬂows is the formation of stop-and-go waves (Seyfried et al., 2010).
These waves can be seen even in pedestrian lines, if the density is high enough (Lemercier et al., 2011).
A pattern can appear at the crossing of two perpendicular pedestrian ﬂows: Hoogendoorn and Daamen (2005) ob-
served experimentally that diagonal stripes are formed in the intersection region. Fig. 1 shows another example of ex-
perimental realization performed by d’Alessandro et al. (2010), in which a tendency to form diagonals can be noticed.
This diagonal pattern was observed also in various types of numerical simulations, either agent-based (Hoogendoorn
and Bovy, 2003; Yamamoto and Okada, 2011) or based on PDEs (Yamamoto and Okada, 2011). It was also observed
in a cellular automaton called BML (Biham et al., 1992) (this model was ﬁrst meant to model road traﬃc in Manhat-
tan like cities but can also be seen more generally as a model of intersecting perpendicular ﬂows). A more thorough
observation of this pattern in the simpliﬁed model of Fig. 2 revealed that actually the diagonals are not exactly straight
lines, but rather have the shape of chevrons (Cividini et al., 2013a). This phenomenon was called the “chevron eﬀect”.
We shall present in the next section some explanations for these phenomena.
3. Instabilities at the intersection of two perpendicular ﬂows
The aforementioned diagonal instability at the intersection of two perpendicular pedestrian ﬂows was observed in
diﬀerent settings - real or numerical - and seems quite robust. Thanks to this robustness, it was also possible to observe
it in the simpliﬁed model of Fig. 2, for which some mathematical analysis could be performed. Only two parameters
are needed to explore the dynamics of the system: the size M of the intersection square, and the rate α with which
pedestrians arrive in the corridors, which determines the density in the intersection square.








Fig. 2. Simpliﬁed model for the study of the diagonal-chevrons instability at the intersection of two perpendicular pedestrian ﬂows. Pedestrians are
represented by triangles pointing towards their walking directions, respectively eastbound and northbound. From Cividini et al. (2013a)
Fig. 3. (a) Colorplot for the angle of the alignments in the various regions of the intersection. (b) Sketch of the corresponding structure. From Ci-
vidini et al. (2013b)
First, some mean-ﬁeld equations were derived from the microscopic evolution equations. A linear analysis indeed
predicts a diagonal pattern, both in the simpler case of periodic boundary conditions (Cividini et al., 2013b) or in the
more involved case of open boundary conditions (Cividini and Hilhorst, 2014) of Fig. 2. The associated wavelength
corresponds to several pedestrian diameters (typically between ﬁve and ten).
It is only when non-linear terms are kept that the chevron eﬀect appears in these mean-ﬁeld equations.
We would like now to explain how this non-linear eﬀect arises from the microscopic interactions between pedestri-
ans. In order to do so, we consider two pedestrians moving on parallel trajectories towards the east. In the absence of
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Fig. 4. Schematic representation of the macroscopic mode emerging from eﬀective interactions : the ﬁrst eastbound particle (blue) creates a wake
(dots), in which following eastbound particles can localize. In the case of alternating parallel update, this localization lasts forever and thus the
represented mode is stable.
northbound particles, these pedestrians would never interact. Now if these two pedestrians cross a ﬂow of northbound
particles, an eﬀective interaction mediated by the ﬂow can emerge between them.
This eﬀective interaction can be calculated exactly in the case of deterministic enough updates such that, in the ab-
sence of interactions with eastbound particles, the northbound ﬂow are simply translated uniformly upwards (Cividini
and Appert-Rolland, 2013).
It is found that the second eastbound particle can be localized for a certain amount of time in the wake of the ﬁrst
one. This localization time depends on the details of the update procedure. An important remark is that the wake of
the ﬁrst eastbound pedestrian is not exactly at 45 degrees, but is slightly tilted, with an angle that also depends on the
update procedure.
In the special case of alternating parallel update, this localization of the second eastward particle lasts forever. This
limit case allows, by putting more particles in the wake as in Fig. 4, to construct a macroscopic stable mode which is
tilted with respect to the 45 degrees orientation by an angle |Δθ|. This deviation from 45 degrees is due to the encounter
of the ﬁrst eastward particle with northward particles. It thus depends on the density ρ of the northbound particles,
according to the relation |Δθ| = ρ/2 rad = ρ × (90/π)deg. This angle is in good agreement with the one observed in
the global macroscopic mode of the chevron eﬀect and measured by Cividini et al. (2013b). This agreement allows
to make a connection between the two-by-two eﬀective interaction between eastward particles and the global pattern
emerging in perpendicular ﬂows.
An open question is whether this chevron eﬀect can be observed in real experiments. Actually, even the diagonal
instability has never been observed systematically and would deserve a reﬁned experimental study.
The relevant parameter for the instability is ρM where ρ is the density in the intersection and M the size of the
intersection (expressed as a number of pedestrian diameters, including some ”private” space around them). In our
model, the jamming transition occurs for rather low density. As we want to avoid it, we have to take a low density
(ρ ∼ 0.1 ped/cell) and thus a large intersection (M larger than a few tens). Real pedestrians can ﬂow at much higher
densities, and thus the intersection can be much smaller. Indeed, the diagonal instability is observed in relatively small
intersections.
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The angle characterizing the chevron eﬀect was rather small in the simple model of Fig. 2 (between one and a few
degrees). However, the analysis shows that it should be proportional to the density, so that we can expect higher (and
maybe measurable) values for real pedestrians.
4. Micro-macro derivation from an agent based model
In the previous section we have studied how a pattern can emerge from microscopic interactions in a given partic-
ular geometry. In the following, we address a more general question: how can we derive a macroscopic model for
pedestrians from a microscopic one. This is in general a diﬃcult task, that cannot be done without several approxima-
tions. One diﬃculty is that, in contrast with cars, pedestrians live in a two-dimensional space and do not necessarily
want to go in the same direction. In this section we shall describe the main steps through which a macroscopic model
can be deduced from one given agent-based model, following the results of Degond et al. (2013b).
4.1. Agent-based model deﬁnition
Agent-based models for pedestrians have to describe how each individual avoids collisions while still heading
as much as possible towards his target. This process can be decomposed into two stages - which actually can be
performed in parallel: a perception stage, and then some decision-making process leading to action.
First in a perception stage, pedestrians must evaluate the characteristics of ﬁxed and mobile obstacles. In a ﬁrst
generation of models (like the social force model), only the position of obstacles was taken into account, even if they
were moving. However, it became clear that taking into account the velocity of both the observer and the moving
obstacle is crucial. Indeed, pedestrians must evaluate the velocity of other pedestrians and extrapolate what their
trajectories will be in the future, to evaluate the risk of future collision. In many models of this second generation
accounting for the velocity of other pedestrians, one assumes that each pedestrian has a full knowledge of all the
other pedestrians’ velocities (van den Berg et al., 2008b,a; Paris et al., 2007), possibly with a memory that gives also
information on the acceleration. The fact that the velocity is not known perfectly but with errors that decrease with
the observation time can also be taken into account (Pettre´ et al., 2009).
In fact, real pedestrians do not know a priori the velocity of the others, but deduce it from the visual information that
they acquire progressively. They perceive how possible obstacles move inside their visual ﬁeld, and how the apparent
size of obstacles varies with time (Cutting et al., 1995). The ﬁrst information tells essentially whether a collision is
bound to occur, and the latter one in how much time the collision will occur - if it does. In the agent based model
of Ondrej et al. (2010) that we shall consider here as a starting point, these two informations are encoded respectively
by two variables: the time Derivative of the Bearing Angle (DBA) α˙i j, and the Time To Interaction (TTI) τi j. The
interaction point is deﬁned as the point at which the distance between the two pedestrians i and j is expected to be
the smallest (and equal to Di j) in the future. This point is expected to be reached in a time delay equal to τi j. As
illustrated in Fig. 5, the bearing angle αi j is the angle between the velocity vi of the observing pedestrian i, and the
relative position x j−xi of the observed pedestrian j. It can be shown that the minimal distance Di j that will be reached
in the future is (under the assumption of constant speeds) proportional to the DBA modulus |α˙i j|. Collision will occur
if Di j is smaller than the diameter of a pedestrian, i.e. the smallest the DBA is, the most probable the collision will be.
In a second stage, the pedestrian must decide what to do in order to optimize its trajectory while avoiding collisions.
In practice, a pedestrian can vary his velocity in direction and modulus. Pedestrians have little inertia, and it is a good
approximation to assume that velocity modulus can be varied instantaneously. Changing direction may take a little
more time, and actually depends on the phase in the stepping cycle. In this paper the turning velocity will thus be
bound. Actually in what follows, we also assume that the density is small enough so that pedestrians do not have to
slow down. They will only change their walking direction.
As collision risk is associated to small DBA’s, collision avoidance requires to increase the DBA. The reaction
(angular velocity) must be proportional to the collision risk. As an extension of the criterium used by Ondrej et al.
(2010), Degond et al. (2013b) proposed the following function Φ to evaluate how threatening an interaction is:
Φ(|α˙i j|, |τi j|) = Φ0 max{σ − |α˙i j|, 0}, (1)
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Fig. 5. Deﬁnition of the bearing angle αi j between the velocity vi of the observing pedestrian i, and the relative position of the observed pedestrian j.
with
σ = a +
b
(|τi j| + τ0)c , (2)
where the parameters a, b, and c can be evaluated from experiments (Ondrej et al., 2010), τ0 will bound the angular
speed of pedestrians, and Φ0 is just a proportionality constant. This choice for Φ expresses that there will be a threat
of collision only if the DBA is below a certain threshold σ, that increases when τi j becomes smaller, i.e. when the
interaction becomes imminent.
In the case of an isolated pair interaction, and if a collision is imminent, Φ gives the amplitude of the angular
velocity of pedestrian i. In a complete simulation, each pedestrian can interact with more than one other pedestrian.
He cannot necessarily increase its DBA with all the pedestrians present in his visual ﬁeld. Besides, each pedestrian has
a target ξ, from which he should deviate as little as possible. Several strategies can be considered to account for these
multiple constraints. Either some optimisation problem in the spirit of Hoogendoorn and Bovy (2003) can be solved,
or pedestrians can perform a succession of elementary reactions as modeled by Ondrej et al. (2010). Real pedestrians
probably have an intermediate behavior, i.e. they have the possibility to determine to some extent how to optimize
their path, but without taking all the constraints into account, in particular in crowded areas. Such an intermediate
decision making strategy has been proposed by Degond et al. (2013b), in which the function Φ of equation (1) is
now interpreted as a cost function for each threatening collision. Another cost function Φt(x, u, ξ) is introduced for
deviating from the target. Finally, the optimal velocity ui(t) that minimizes the global cost function at time t has to be
found for each pedestrian. Each pedestrian will indeed adopt this velocity for his next motion.
As said already, the model considers only velocity changes in orientation. The modulus of u is thus constant and
we shall take it equal to unity for simplicity.
4.2. Mean-ﬁeld kinetic model
Kinetic models do not consider speciﬁc conﬁgurations of pedestrians, but rather a probability distribution f (x, u, ξ, t)
to ﬁnd a particle in position x with velocity u and target point ξ at time t1.
In the mean-ﬁeld kinetic model derived from the agent-based model of the previous section, the distribution f
obeys the equation
∂t f + cu · ∇x f + ∇u · (ω f u⊥ f ) = dΔu f . (3)
1 More precisely, f (x, u, ξ, t)dxdudξ is the probability to ﬁnd at time t a particle in a small volume of size dx around x, with velocity orientation
in an angular neighborhood du of u, and target in an angular neighborhood dξ of ξ.
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The leftmost terms simply describe the motion of particles with velocity u. The last term of the lhs implements the
change of direction of the velocity resulting from the collision avoidance strategy: u⊥ is a unit vector perpendicular to
the unit velocity u, and ω f (x, u, ξ, t) is an a priori unknown function that determines the amplitude of the force driving
the angular rotation. The right hand side introduces some diﬀusion, coming from some integrated microscopic noise.
One would like now to determine ω f (x, u, ξ, t) from the optimal solution of the global cost function deﬁned in the
previous section. A ﬁrst diﬃculty immediately arise. The cost function allows in particular to encode how imminent
is the next collision. This is well deﬁned for a given conﬁguration of pedestrians. But extrema are ill-deﬁned when
a probability distribution is considered. There is always a non-zero probability to have an arbitrarily close (in time)
collision. To avoid this diﬃculty, one solution is to replace the search of an extremum of the cost function of collisions,
by an average Φc(x, u, t) of the costs of all foreseen collisions, weighted by their probability.
The cost Φt(x, u, ξ) for walking away from the target is kept the same as for the agent-based model. The resulting
global cost
Φ(x, u, ξ, t) = Φc(x, u, t) + Φt(x, u, ξ) (4)
determines the force through
ω f (x, u, ξ, t)u⊥ = −∇uΦ(x, u, ξ, t). (5)
which complements equation (3) to fully deﬁne the kinetic model.
4.3. Macroscopic model
A macroscopic model can be obtained from the kinetic one by deﬁning the macroscopic variables, i.e. the density
ρ(x, ξ, t) and the mean velocity U(x, ξ, t) by
ρ(x, ξ, t) =
∫
u∈S1
f (x, u, ξ, t) du, (6)





f (x, u, ξ, t) u du (7)
and by deriving the equations obeyed by these macroscopic variables. This derivation is usually done using the
so-called moment method. The ﬁrst equation, expressing mass conservation, is obtained by integrating the kinetic
equation (3) with respect to the velocity u and reads
∂tρ + ∇x · (cρU) = 0 (8)
where ρ and U are given by Eqs. (6-7). Note that ρ(x, ξ, t) contains a dependance on the target point ξ. Eq. (8) thus
expresses the conservation of pedestrians having the same target site ξ.
Another equation for U is needed. One obtains it by multiplying the kinetic equation (3) by u before the integration
over u. This equation will itself involve higher moments of the velocity, and in principle an inﬁnite hierarchy of
equations for higher and higher moments should be written. In order to avoid this, one closes the hierarchy by
postulating some closure relations. Usually, one or two moment equations (for ρ and for U) are kept and an appropriate
closure relation is then added.
Actually several such closure relations can be postulated. Three examples have been given in Degond et al. (2013b).
The simplest ansatz is to assume a monokinetic form for the distribution f :
f (x, u, ξ, t) = ρ(x, ξ, t)δU(x,ξ,t)(u). (9)
This relation expresses that at a given position x and time t, all pedestrians having the same target ξ will have exactly
the same velocity U(x, ξ, t).
The monokinetic assumption requires to have no noise (i.e. no diﬀusion) in the kinetic equation. Then the second
macrosopic equation for U reads
∂tU + cU · ∇xU = ω˜ρ,U(x, ξ, t)U⊥(x, ξ, t) (10)
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where
ω˜ρ,U(x, ξ, t) := ωρδU (x,U(x, ξ, t), ξ, t). (11)
In the rhs of this relation, f has been replaced by its expression ρδU in the subscript, and u has been replaced by
its value U(x, ξ, t). To evaluate ω˜ρ,U, again one has to calculate some average cost term Φc(x, u, t) of the foreseen
collisions, taking into account that at a given time, the velocity of other pedestrians is now fully determined by their
position and target, as stated by the monokinetic closure. The costΦt(x, u, ξ) of deviating from the target is unchanged.
Eventually, the force term is determined by the relation
ω˜ρ,U(x, ξ, t)U⊥(x, ξ, t) = −∇uΦ(x,U(x, ξ, t), ξ, t). (12)
where again Φ = Φc + Φt.
Other closure relations can be introduced. One straightforward extension of the monokinetic closure is to replace
the delta function in (9) by a peaked distribution with ﬁnite width.
Another closure is based on taking the hydrodynamic limit. In this limit, both the force and diﬀusion terms domi-
nate in (3), so that a development can be made around a Local Thermodynamical Equilibrium solution f 0 verifying
∇u · (ω0f u⊥ f 0) = dΔu f 0. (13)
In this case, the macroscopic model consists in only one conservation equation
∂tρ(x,t)(ξ) + ∇x · (cρ(x,t)(ξ)Ux,[ρ(x,t)](ξ)) = 0 (14)
for the density ρ(x,t)(ξ) of pedestrians with target ξ, supplemented by a relation giving Ux,[ρ(x,t)](ξ) which can be obtained
by integration as in (7) once the expression for f 0 is known. In the language of traﬃc models, it is a ﬁrst order model.
5. Conclusion
Predicting the behavior of crowds from individual behavior is not easy in general. Here we provide two approaches
to tackle this question. In a ﬁrst part, we study some pattern formation at the intersection of two pedestrian ﬂows. We
show that a linear instability is responsible for the formation of diagonal alignments (Cividini et al., 2013b; Cividini
and Hilhorst, 2014). Besides, a secondary non-linear eﬀect slightly bends these alignements into chevrons (Cividini
et al., 2013a). The formation of this pattern can be understood in terms of an eﬀective interaction between pedestrians
walking in the same direction, mediated by the perpendicular ﬂow (Cividini and Appert-Rolland, 2013).
In a second part, we summarize the main steps that allow to go from an agent-based model to a macroscopic
model. The detailed calculations can be found in (Degond et al., 2013b). The starting point is the vision-based
model of Ondrej et al. (2010), where the decision-making step is reformulated in terms of a cost function as proposed
by Degond et al. (2013b). An intermediate mean-ﬁeld kinetic model is ﬁrst derived. Then, depending on the closure
relation that is used, ﬁrst or second order macroscopic models can be obtained. A similar derivation was proposed
from another agent-based model by Degond et al. (2013a), leading to slightly diﬀerent models. All of these models
are bi-dimensional and can describe crowds of pedestrians having diﬀerent targets. It would now be interesting to
compare these various macroscopic models among themselves to assess their properties, and with experimental data.
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